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Abstract
This paper describes a hybrid post-Keynesian and classical/neo-Marxian model
with a “center of gravity” where the actual, warranted, and natural growth rates coincide. In the model, investment determines saving in the short run, while investment
depends on anticipated demand. The Keynesian stability is assumed not to hold, so
the model features short-run Harrodian instability, which is bounded by a ceiling and
floor. The resulting Kaleckian-Harrodian model is shown to produce some key stylized
facts as long-run tendencies, to exhibit wage-led behavior, and to produce depressions
in some circumstances.
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Introduction

Post-Keynesian theory has a rich tradition (Hein, 2014; Kurz and Salvadori, 2010). Besides
Keynes, important contributors include Kalecki, Kaldor, Harrod, and Robinson (Lavoie,
2015, Fig. 1.1). While all post-Keynesian theory retains Keynes’ argument that output is
determined by the level of effective demand, that rich diversity offers sometimes conflicting
explanations of economic phenomena.
Theoretical divergence has been a source of both inspiration and consternation to contemporary post-Keyensian theorists. In the search for a common core, the neo-Kaleckian
family of models, first proposed by Del Monte (1975), has performed well. It explains underutilization of capital and cleanly illustrates the paradoxes of thrift and of costs (Lavoie,
2014). Work by Rowthorn (1981), Dutt (1984, 1987), Taylor (1985), Blecker (1989), and
Bhaduri and Marglin (1990), among others, considerably expanded Kalecki’s original ideas
to cover stagnation, “exhilaration”, and open economies. Many of these results follow from
an assumption that “Keynesian stability” holds; that is, that savings responds more strongly
than does investment to a change in capacity utilization.
With greater prominence, the neo-Kaleckian model drew closer scrutiny, and – perhaps
unavoidably – criticism (Lavoie, 1995; Hein et al., 2011). A major point of contention is
whether capacity utilization can deviate persistently from the level desired by firms. In
standard presentations of the neo-Kaleckian model, utilization can remain at a low level
indefinitely, because it is determined in part by saving behavior, and thus is out of the direct
control of firms. Yet, as Skott (2012) points out, firms in fact have a substantial measure of
control over the factors that determine long-run utilization, so there is no practical reason
they should be unable to meet (or at least continually move towards) their target. And firms
are aware of their potential utilization; Corrado and Mattey (1997) argue that “those who
discuss production capability with plant managers quickly discover that managers generally
are quite precise about how much their facilities can produce without extraordinary efforts.”
Kurz (1986) argues that firms ought to target the least-cost level of utilization as part
of their choice of technique, a proposition that appears consistent with observed micro-level
firm behavior (Mattey and Strongin, 1997). Building on this idea, Nikiforos (2013) created
a model in which utilization is determined by a cost-minimizing firm that was subsequently
applied to a Kaleckian analysis by Nikiforos (2016) and Dávila-Fernández et al. (2019).
If target utilization is exogenous, then a natural parameter to adjust endogenously in order to meet it is the “animal spirits” term in an investment function or, in the terminology
of Hicks (1950), “autonomous investment”, which reflects firms’ medium-run to long-run
demand expectations. Yet, Kaleckian models with adaptive expectations models for autonomous investment are unstable as long as the Keynesian stability condition holds. The
sources of the instability and some proposed solutions are reviewed and critiqued by Hein
et al. (2011) and Girardi and Pariboni (2019); from these papers, and the response by Lavoie
(2019) to Dávila-Fernández et al. (2019), it is reasonable to conclude that neither Kaleckians nor Harrodians feel convinced by the mechanisms proposed by their counterparts in
the debate.
One possibility that has been explored by a small number of authors is to abandon
the Keynesian stability condition in order to tame long-run Harrodian instability. Skott
(2012) proposes such a “Kaleckian-Harrodian” model, in which the Keynesian stability
condition holds in the short run but not the long run. Fazzari et al. (2013) propose a
model in which the Keynesian stability condition does not hold even in the short run. We
follow the latter approach, accepting Harrod’s argument that investment responds more
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strongly than saving to shifts in utilization in the short run, thus leading to instability
(Harrod, 1939). As this stabilizes adaptive expectations of autonomous investment, the
result, somewhat paradoxically, is long-run Harrod stability, as the actual growth rate tends
towards the warranted rate (Fazzari et al., 2013, 2018). Thus, abandoning the Keynesian
stability condition resolves Harrod’s unstable dynamics in the long run. The price of that
result is unstable Hicksian accelerator-multiplier dynamics (Hicks, 1950) in the short run.
On its face, the evidence appears to be against this position. By the early 1970s, the
consensus view of decades of business cycle studies was that endogenous saving and expenditure dynamics are stable, so cycles must be the result of external shocks from which
the economy subsequently recovers (Hymans, 1972). However, Blatt (1978) showed that
the econometric tests in use at the time, which assumed a linear model, would falsely suggest stable dynamics even when the underlying process was unstable and nonlinear. The
well-known asymmetry of business cycles, with short contractions and long expansions, is
prima facie evidence of nonlinearity. Subsequent econometric tests have provided additional
evidence of nonlinearity for business cycles in the US and Europe (Brock, 1991; Teräsvirta
and Anderson, 1992; Pesaran and Potter, 1997; Clements and Krolzig, 1998; Razzak, 2001;
Belaire-Franch and Contreras, 2003). These findings support those of Skott (2012), who
found, in contrast to Lavoie et al. (2004), that empirical estimates of parameters for a
Kaleckian model specification imply unstable rather than stable dynamics.
In this paper we combine the mechanism explored by Fazzari et al. (2013) to bring
the actual and warranted rates into alignment with a further classical (or neo-Marxian)
mechanism to endogenously bring the natural and actual rates into alignment (Foley, 2003;
Julius, 2005; Shaikh, 2016, p.652). The relevant processes are cost share-induced technological change combined with employment-dependent labor costs. In this process, productivity
growth depends on the functional income distribution, which is in turn influenced by productivity. The result is a stabilizing mechanism that aligns the actual and natural rates.
A recurring finding in this literature is that this mechanism damps Goodwin (1951) cycles
(Foley, 2003; Julius, 2005). In this paper, a Goodwin-type mechanism drives labor costs,
while cycles arise from the Harrodian instability.
The main novelty of this paper is to demonstrate how the combination of these two
mechanisms leads to convergence of the actual, warranted, and natural growth rates as a
long-run tendency while generating cycles of different lengths. We show these results using
a simulation model that is based on US data. The model is under active development. A
prior, 5-sector, version is documented in Kemp-Benedict (2017b) and an updated version
described in Kemp-Benedict and Ghosh (2018). The current version has 12 sectors and has
been further modified. We focus on those aspects of the model that relate to debates between
Kaleckian and Harrodian perspectives. The model is post-Keynesian in that investment
demand determines saving in the short run, while investment decisions are made on the
basis of anticipated demand. It draws on Kaleckian, Harrodian, Sraffian, evolutionary, and
Marxian theory, and yields Kaldorian outcomes as long-run tendencies.
The model presented in this paper has a number of interconnected “moving parts”. The
first half of the paper takes some of those parts in turn and explains how they contribute
both to cycles and long-run stability. The second half presents results from the model and
shows that it can reproduce some key stylized facts as identified by Taylor et al. (2018). The
model exhibits a kind of “wage-led growth” and can, despite the stabilizing mechanisms,
enter into a deep slump that the endogenous dynamics may not be able to overcome. We
also reproduce Blatt’s theoretical result, showing that the locally unstable model yields
spuriously stable coefficients when fit to a linear regression model.
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A Kaleckian-Harrodian framework

The full simulation model, which contains multiple sectors and processes, is presented in
summary form later in the paper. In this section we present some of the main features using
simplified analytical models.
We begin with a neo-Kaleckian model with an investment function
g i = γ + α (u − u∗ ) ,

(1)

g s = s0 u∗ κ + s1 (u − u∗ ) κ.

(2)

and a saving function
In these equations, u is capacity utilization, while u∗ is a target utilization level. In the
language of Hicks (1950), γ is “autonomous” investment, while α (u − u∗ ) is “induced”
investment. The coefficient s1 is the marginal change in saving with a change in utilization
and κ is capital productivity. We refer to s0 as “autonomous” saving, but emphasize that,
like Hicks’ autonomous investment, it is not purely autonomous. Rather, it exhibits inertia
because it depends on comparatively slowly-changing factors. It is related to Serrano’s
autonomous consumption term through the relationship
autonomous consumption per unit of capital stock = (1 − s0 )u∗ κ.

(3)

According to Harrod (1939), the warranted rate of growth gw is “that rate of growth
which, if it occurs, will leave all parties satisfied that they have produced neither more nor
less than the right amount.” That is, it is the rate of growth corresponding to planned (or
ex ante) saving at the target level of utilization. Thus, gw = s0 u∗ κ. The actual rate of
growth is the one that obtains at the level of utilization at which investment equals saving
ex post. Setting Eqn. (1) equal to Eqn. (2), we find that level of utilization to equal
u = u∗ +

γ − s0 u∗ κ
.
s1 κ − α

(4)

The denominator in the second term, s1 κ − α, which we write as σ, is the gap between the
marginal change in saving and the marginal change in investment to a change in utilization.
When it is positive, the Keynesian stability condition holds; when it is negative, there is
short-run Harrodian instability.
Next, we introduce adaptive expectations for γ. First, firms are assumed to assess how
close utilization has been to the target (the utilization gap) over a recent medium run,
smoothing over short-run fluctuations. We represent this behavior using a variable z that
obeys
z = (1 − θ) z−1 + θ (u − u∗ ) .
(5)
Firms then anchor their expectations to the level of investment they would make if the
realized utilization gap were equal to its recent average as captured by z. That is,
γ = γ−1 + αz−1 .

(6)

Substituting for u in Eqn. (5) using Eqn. (4) gives an expression for the change in z,
∆z = −θz−1 +
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θ
(γ − gw ) ,
σ

(7)

where we have substituted for the warranted growth rate gw = s0 u∗ κ. From Eqn. (6), the
change in γ is given by
∆γ = αz−1 .
(8)
At equilibrium, γ = gw and z = 0. That is, at equilibrium the actual growth rate is equal
to the warranted rate. We now ask whether the equilibrium is stable.

2.1

Convergence of the actual to the warranted growth rate

Throughout most of the paper we work in discrete time – the simulation model operates on a
quarterly time step. Discretization can introduce instabilities not present in continuous-time
models, depending on the details of assumed behavior. In this section, we abstract from
those details and study stability in continuous time, noting that additional instabilities
can arise in the real world (and in the simulation model) due to delayed feedback and
discontinuous, “lumpy” actions.
The continuous-time version of Eqns. (7) and (8) can be written as a matrix equation.
Using a dot to represent a time derivative, we have
  
  

ż
−θ θ/σ z
−(θ/σ)gw
=
+
.
(9)
γ̇
α
0
γ
0
The equilibrium of this system is stable as long as the trace of the square matrix of coefficients is negative and the determinant is positive. They are given by
Tr = −θ,
αθ
Det = − .
σ

(10a)
(10b)

The trace is unambiguously negative, but the determinant is positive only if σ is negative.
That is, long-run stability is achieved at the expense of short-run instability.
Can we make this assumption? Debates over business cycle models through the 1970s
centered on two distinct types of models: a) stable models that generate cycles only when
disturbed by exogenous shocks (as in Frisch, 1933) and b) unstable multiplier-accelerator
models bounded by a ceiling and floor (as in Hicks, 1950). A third type was generally not
discussed: c) stable models that generate endogenous cycles (in particular Goodwin, 1951).
Econometric tests and model simulation experiments appeared to suggest that type (a) was
most likely. Hymans (1972, pp. 539-540) argued that “the weight of reasoned evidence”
supported the idea that, “The business cycle is not endogenous; rather it is the result of a
normally stable, or damped, system reacting to external influences.” Adding weight to the
econometric evidence, he thought it highly unlikely that the business sector, characterized as
it is by highly concentrated markets, should repeatedly fail to anticipate the consequences of
its own internal dynamics. However, while markets are concentrated, the economy is linked
through a web of intermediate exchange that is less easy to anticipate.
Blatt (1978, 1980) pointed out that the econometric tests that Hyman was responding
to would give a false positive for models of type (a) if the underlying process was nonlinear. Nonlinear dynamics are quite plausible, because only nonlinear processes can generate
asymmetric cycles, and business cycles are known to be asymmetric, with short contractions and long expansions. The same critique applies to the Goodwin model, which is a
linear model with symmetric cycles. Econometric tests that are sensitive to asymmetry
consistently suggest asymmetric cycles for Europe and present mixed findings for the US
5

(Teräsvirta and Anderson, 1992; Pesaran and Potter, 1997; Clements and Krolzig, 1998;
Razzak, 2001; Belaire-Franch and Contreras, 2003). Blatt’s arguments and the subsequent
tests (including those of Skott, 2012) at least open the possibility for Hicksian multiplieraccelerator dynamics.

2.2

Convergence of the natural to the actual growth rate

We have shown, in agreement with Fazzari et al. (2013, 2018), that short-run Keynesian
instability is consistent with long-run Harrodian stability, as adaptive expectations for autonomous investment cause the actual growth rate to converge on the warranted rate. A
further dynamic in the model presented in this paper brings the natural growth rate in line
with the actual growth rate. It rests on three processes: conflict-based wage determination (e.g., as in Goodwin, 1967; Rowthorn, 1977); cost share-induced technological change;
and target-return pricing. The first two are common features of neo-Marxian models, while
Lavoie (1996) argues that target-return pricing is a reasonable assumption for modern firms.
In this model we apply a classical-evolutionary theory of cost share-induced technological
change developed in Kemp-Benedict (2019) that generalizes a model proposed by Duménil
and Lévy (1995, 2010). A simplified derivation of the core result is presented in the Appendix, along with an extended discussion of theories of cost share-induced technological
change. An important implication of the theory is that both labor and capital productivity
must respond simultaneously when cost shares change.
After firms respond to costs through marginal changes in capital and labor productivity,
their innovations diffuse throughout the economy, after which they adjust their wages and
prices to remain competitive. Most neo-Kaleckian models assumed a fixed markup, but
Lavoie (1996) argues convincingly that target-return pricing is a more plausible (or at least
equally plausible) assumption for modern firms. We therefore assume target-return pricing.
As argued by Kemp-Benedict (2019) and shown below, this assumption yields Kaldor’s
stylized fact of constant capital productivity as a long-run tendency.
We start with an identity. With a capital productivity κ, labor productivity λ, and labor
supply Ls , the labor participation rate e = L/Ls is given in terms of the capital stock K as
e=

κ uK
.
λ Ls

(11)

Using a “hat” to represent a growth rate, denoting the growth in the labor supply by n = L̂s ,
d growth in the participation rate is given by
and the actual growth rate by ga = uK,
ê = κ̂ − λ̂ + ga − n.

(12)

Under cost share-induced technological change, a fall (rise) in the profit share π will slow
(accelerate) capital productivity growth and accelerate (slow) labor productivity growth.
Combined with Eqn. (12) for the growth in the participation rate, we have the following
causal sequence:
e ↑ ⇒ π ↓ ⇒ κ̂ ↓, λ̂ ↑ ⇒ ê ↓ .
(13)
(a)

(b)

(c)

Step (a) is conflict-based wage determination; step (b) is cost share-induced technological
change; step (c) follows from the identity in Eqn. (12). The end result is that a rise in the
participation rate e triggers a negative feedback. It is therefore a stabilizing dynamic. The
feedback comes after a delay, so it will tend to generate oscillations.
6

Target-return pricing generates an additional feedback, as noted in Kemp-Benedict
(2019). Under target-return pricing, the profit rate r = πκ is constant in the short run.
Given a capital productivity, firms adjust their markup, and therefore the profit share, to
meet a target rate of profit. In that case,
r̂ = 0

⇒

π̇ = −πκ̂.

(14)

This generates a further causal sequence,
κ̂ ↑

⇒

π↓

⇒

κ̂ ↓ .

(15)

This is also a stabilizing dynamic, as it features a negative feedback.
Due to the combination of these two stabilizing dynamics, the (stable) equilibrium is
characterized by ê = κ̂ = 0. At that point, from Eqn. (12), we have
ga = λ̂ + n (= gn ).

(16)

Thus, as labor productivity growth adjusts, it brings the natural growth rate gn in line with
the actual growth rate ga .

2.3

Additional stabilizing mechanisms

In the model presented in this paper, and like that of Fazzari et al. (2013, 2018), Harrodian
instability is contained from above by supply constraints.1 In principle, any constraint
might apply, whether on capital utilization, employment, critical raw materials (such as
energy or, in an agricultural economy, the harvest), foreign exchange to buy intermediate
and investment goods, or any other necessary input to production.
In practice, post-Keynesian models generally assume capital and labor as inputs. Most
Kaleckian models implicitly or explicitly assume abundant labor, so output at full capital
utilization is the upper limit to production. In contrast, Skott (2010) proposed a Kaldorian
model in which labor supply constrains output. In justifying the Kaldorian closure, he
argues that Keynesian theorists overstate the case for price rigidity. We follow a middle
path in which markup pricing is the norm, but firms may raise their prices at high levels of
utilization.
2.3.1

Supply constraints and price adjustment

We follow neo-Kaleckian theory by assuming that firm investment decisions depend on
capacity utilization, profitability, and borrowing costs (Fazzari and Mott, 1986). We further
assume that firms adopt a target markup that they may not achieve in any given time
period. Firms adjust their prices slowly, so the realized markup lags the target. As firms
raise their prices, they are passed on as intermediate costs in downstream sectors, which
gradually adjust their own prices in response (a Sraffian mechanism; see Steedman, 1992;
Kemp-Benedict, 2017a). As noted above, we further assume that, while firms do not know
the demand schedule for their products, they nevertheless adjust their prices in response to
changes in capacity utilization. Specifically, sectoral markups depend on utilization through
a “hockey-stick” curve that is flat or slowly varying for most utilization levels while rising
1 An alternative that is arguably better aligned with Harrod’s thinking is for firms to form an expectation
for a “normal” range for capacity utilization and to act when they are near the edges of that range (Setterfield,
2019).

7

sharply near full utilization. We expect prices to be more responsive for more competitive
sectors and for commodities. The natural resource sectors (mining and agriculture), utilities,
and construction are assumed to be particularly responsive.2
Wage growth in the model depends on the employment level through a Goodwin-type
mechanism (Goodwin, 1951). At a nominal “normal” employment rate, wage growth equals
labor productivity growth plus a cost-of-living adjustment based on the smoothed consumer
price inflation rate. Wage growth is faster (slower) than labor productivity growth when
employment is above (below) the normal level. As with the cost of intermediates, changes
in wages propagate through the system of inter-industry exchange as firms gradually adjust
their prices. In a straightforward extension of conventional post-Keyensian models, we
allow for labor supply to respond to a change in employment levels through changes in the
participation rate. The size of the working-age population provides the ultimate constraint
on labor supply, while the labor force (slowly) expands and shrinks.
Both for capital utilization and employment, demand can fluctuate rapidly, while supply
capacity responds slowly. Over both time scales, the main response involves changes in
quantity. In the short run, reduced demand leads to reduced capacity utilization and layoffs.
In the medium run, firms observe their utilization levels and cut back on planned investment,
while some workers decide to exit the labor force. Accompanying those quantity adjustments
are price changes that propagate through the system of inter-industry exchanges. In the
short run, the Goodwin model drives changes in the real wage. In the longer run, rising
labor costs drive labor-saving innovation (see the Appendix for details).
2.3.2

Stabilization through quasi-autonomous expenditure

Following Serrano (1995a,b), some authors have sought to stabilize neo-Kaleckian models
by introducing non-capacity creating autonomous expenditure (Lavoie, 2016; Palley, 2018).
Autonomous non-capacity creating expenditure generates induced consumption through a
multiplier and induced investment through an accelerator, the combination forming the
Sraffian super-multiplier.
In developing the model described in this paper, it was found that some degree of reliability in the growth of consumption was necessary to keep the economy on track. The
bulk of expenditure in the model comes from households spending their wages, while firms
plan their investment in order to meet expected growth. As Minsky (2008, p. 26) argued,
this view of consumption is more consistent with Keynes than is a life-cycle model. In the
language of Hicks (1950), the steadier components of demand, dominated by consumption
expenditure, largely determine autonomous investment, while fluctuations in utilization,
profitability, and the interest rate largely determine induced investment.
The model features two sources of quasi-autonomous non-capacity creating expenditure
that introduces some inertia into the economy. The first, which we refer to as “committed
consumption” consists of regular consumption expenditure either for food or to meet obligations from previous consumption choices. These include rent or mortgage payments and
related household costs, car insurance and gasoline, and education costs. To these we add
medical expenditure, which is largely non-discretionary. Committed consumption makes a
substantial contribution to total expenditure. Using data from the 2005 US Consumer Expenditure Survey (and thus prior to the Great Financial Crisis) we found that three-quarters
2 Volatility

in commercial construction costs is a chronic challenge (Weidman et al., 2011). For the other
sectors, evidence is provided by Clark (2001), who found that prices of food and utilities were comparatively
volatile (standard deviation > 9%), while those of most manufactures and services were less volatile.
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of expenditure across all households was devoted to food at home (a proxy for habitual food
expenditure), housing and related items, transport and related items, healthcare, education,
and pension and social security payments.
Committed consumption expenditure is ultimately constrained by wage growth. As acknowledge by Lavoie (2016, p. 194), no component of consumption can be fully autonomous
in the long run. The Sraffian super-multiplier is a simplifying assumption in models that
seek to study the response of output and investment to consumption demand. In the model
presented in this paper, we separate consumption for most goods and services into a quasiautonomous part that depends on long-run changes in the wage bill from a flexible part that
responds to short-run changes in the wage bill.
We assume education and health care expenditure (which are combined in a single sector) to grow in line with total output. These sectors provide a substantial component of
employment, but as they supply final household demand, rather than intermediate demand,
they are largely disconnected from the system of inter-industry exchanges. If demands for
education and health care services were not anchored to GDP, then small variations in
employment in other sectors would affect demand for these sectors’ outputs, which would
then amplify the change in employment. The result would be wide variation in utilization
independent of changes in other sectors. Recasting demand for education and health services as a quasi-autonomous source of non-capacity generating demand serves to stabilize
the sectoral dynamics through a modified Sraffian super-multiplier mechanism.3

3

The model

In this paper, we build upon a multi-sector post-Keynesian model first presented in KempBenedict (2017b) with improvements documented in Kemp-Benedict and Ghosh (2018).
The key components are shown in Fig. 1. The present paper provides a summary of the
concepts relevant for our analysis.
The model was calibrated to produce business cycles as illustrated by changes in capacity
utilization. In this section, we describe the main model components used to determine capacity utilization, starting with demands (investment and consumption), followed by income
(wages and profits) and ending with the process of model closure.
3.0.1

Investment

The model is demand-driven, consistent with post-Keynesian principles, with anticipated
consumption demand driving investment, which then triggers the production process. Following Hicks (1950), the gross investment rate gi for sector i has both autonomous and
induced elements,
gi = giind + giaut .
(17)
High capacity utilization ui signals rising demand, so it has a dominating influence on
induced investment decisions. Consistent with the empirical results of Fazzari and Mott
(1986), profits as measured by the profit rate ri and interest payments as proxied by the
3 This admittedly oversimplifies the nature of education and health care expenditure. Demand for educational and health care services generally grows in line with population, but education has a counter-cyclical
component as laid-off workers return to school. Furthermore, the nature of the services change, as higher incomes allow households to afford more expensive services. We reduce this complex reality to the admittedly
oversimplistic assumption that the combined demand for education and health care grows in proportion to
real GDP.
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Figure 1: Model structure (from Kemp-Benedict and Ghosh, 2018).
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interest rate i also influence induced investment. In a slump, the gross investment rate
is bounded below by the depreciation rate. The model assumes that not all firms cease
investing in a slump, so the lower bound is a fraction f of depreciated capital even during
an economic downturn, constituting a depreciation “floor”, as proposed by Hicks (1950).
The “ceiling” occurs at full capacity utilization; as discussed above, it is also reflected in
rising wages and prices. In some sectors, particularly construction, utilization rises above
u = 1 at the peak. We allow for this because “full utilization” as reported in national
statistics represents operation at maximum sustainable production levels, while for brief
periods utilization can exceed its sustainable maximum. Induced investment is calculated
relative to exogenously-specified normal utilization rate u∗ , target rate of return r∗ and real
neutral rate of interest i∗ , as determined by a Taylor (1993) rule,
giind = max [αi (ui − u∗ ) + βi (ri − ri∗ ) + γ(i − i∗ ), −f δi ] .

(18)

In the present version of the model we assume the coefficient γ to be the same across sectors,
while other parameters are allowed to vary between sectors.
Unlike induced investment, autonomous investment is independent of current output
and reflects the long-run prospects of firms. In the model, autonomous investment follows
historical trends with a bias, B. Historical trends are represented by the current level of
autonomous investment and smoothed induced investment (lagged by one period). Using
angle brackets to indicate a smoothed value,
aut
giaut = gi,−1
+ hgiind i−1 + B.

(19)

The bias allows for expectations of future output that are not justified by observed historical
trends. As Beckert (2016) has noted, this is an important factor explaining economic growth.
It is also necessary for the economy to be resilient. Otherwise, as we show in the results, a
downturn can turn into a depression.
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We allow for capital to become “inactive” during an economic slump due to plant closures
or insufficient demand. An increasing fraction of the capital is deactivated as capacity
utilization drops below the normal level u∗ . Some inactive capital is subsequently reactivated
to meet demand for investment goods. Active capital stocks grow when investment Ii
in sector i is greater than the rate of depreciation, and both active and inactive capital
depreciate at the same rate. After the gross investment rate is determined, orders for
investment goods are placed in proportion to the amount of “active” capital,
Ii = gi Kiactive .

(20)

Production of investment goods occurs after an exogenously specified delay, so new orders
tend to cause a backlog. Total investment demand is allocated to producing sectors based
on the sectoral share of private investment demands (as determined from the “make” tables
in national input-output accounts).
3.0.2

Pricing

Firms set a target price based on a target rate of return (Lavoie, 1996) that varies by sector.
The target price changes in response to changing costs of inputs. Sector prices gradually
adjust towards the (moving) target in a price updating rule that sets the current-period
price to a weighted average of the previous-period price and the target (see Kemp-Benedict,
2017a).
The price mechanism is affected by utilization in two ways. First, following Rowthorn
(1977), we assume that firms find it more difficult to change prices when utilization is low.
We capture this assumption by giving more weight to the current price than the target when
utilization falls below the normal level. Second, as discussed in the background section on
pricing, we assume that firms raise their prices at high utilization according to a “hockeystick” curve that is flat for most utilization levels but that rises more or less sharply as the
sector approaches full utilization. Manufacturing is the least responsive, while agriculture,
mining, utilities and construction are most responsive.
3.0.3

Consumption and saving

The current version of the model does not track household wealth, so the distribution of
profits between retained earnings, interest payments and dividends is not specified. Consumption is based on wages, but may exceed or fall short of the wage bill. The total wage
bill W is split into a fixed component for permanent employees and a flexible component
that depends on utilization,
W = Wfix + W 0 · u.
(21)
The wage at normal utilization, Wnorm , is the value that W takes when ui = u∗ .
Personal consumption Fc is divided into base consumption and marginal consumption,
Fc = Fc0 + Fc1 .

(22)

As discussed earlier in the paper, base or “committed” consumption reflects the fixed portion
of household expenditures, such as food, housing or transportation expenses. Total real base
consumption rises with the real wage bill at normal levels of utilization and employment,
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Wnorm , with an adjustment for inflation. To get real consumption, the wage is deflated
using the consumer price index Pc , which is calculated as a Laspeyres index,
Fc0 =

Wnorm
fc0 .
Pc

(23)

Marginal consumption represents the flexible portion of household spending beyond committed expenditures. Unlike base consumption, which depends on the normal wage bill, the
marginal consumption rate will fluctuate depending on capacity utilization through its impact on employment. Total marginal consumption is given by the marginal consumption
rate multiplied by any remaining wage income after normal expenditure. If none remains,
consumption falls below the normal level by an extent that depends on utilization relative
to the normal level,

(W − p0 · Fc0 ) fc1 ,
W > p0 · Fc0 ,
Pc Fc1 =
(24)
0
∗
−Wflex · (u − u) fc1 ,
otherwise.
3.0.4

Model closure

Kaleckian models are closed by finding the level of utilization at which saving is equal to
investment. We follow a similar strategy for the model presented in this paper, but with
two differences. First, we extend the Kaleckian closure to a multi-sector setting. Second, in
keeping with the Hicksian features of the model, we constrain output when capital utilization
is at or above full capacity.
The multi-sector extension of the Kaleckian closure is conceptually straightforward. As
described above, consumption of most sectors’ products depends on current-period utilization through the flexible portion of the wage bill. The exception is demand for education
and health care, which rises with GDP. Furthermore, demand for intermediate goods and
services depends on capacity utilization through its influence on productive activity. Investment demand depends on utilization in previous periods, but as it represents prior orders
for investment goods, it is considered fixed in the current period. The result is a system of
equations that depends linearly on the vector of sectoral utilization. The coefficients depend
on the relationship between utilization, wages and consumption on the demand side, and
capital productivity and input-output coefficients on the supply side.
The system can be solved using standard methods from linear algebra, but utilization
levels calculated this way can exceed the maximum sustainable level. When they do, household consumption is assumed to be curtailed. This introduces a second-stage correction to
the solution of the linear system of equations. The correction reduces utilization levels in all
sectors through impacts on wages and intermediate consumption. The reduced utilization
then triggers a downturn.

3.1

Implementation

The model was built using Vensim DSS system dynamics modeling software and runs at a
quarterly time step. (The code is available from the author upon request.) Model parameters
were estimated in Excel using historical US data. We emphasize that despite the use of US
data, the model is not representative of the US economy since it does not include the
government or financial sectors and is closed to trade.
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The model has 12 sectors: agriculture, mining, utilities, construction, manufacturing,
wholesale trade, retail, transportation and warehousing, information, professional and business services, educational and healthcare services, and leisure and hospitality services. Intermediate demands were estimated using the 2015 15-sector make and use tables from
the Bureau of Economic Analysis (BEA) input-output accounts4 . A symmetric 12-sector
input-output table was developed using the industry-technology assumption (ITA) approach
documented in Guo et al. (2002). Selected sectors were excluded from the analysis, including
the Finance, Insurance, and Real Estate (FIRE) sector, the Government, and the “Used”
and “Other” sectors. Data for the leisure and hospitality sectors are combined.
The size of the labor force was calculated using demographic data from the UN Population Division’s World Population Prospects database5 . From the Bureau of Labor Statistics
(BLS)6 Table 17 we obtained employment data by sector and occupation for all sectors
except transportation and warehousing, on the one hand, and the utilities sector, on the
other, which have combined employment estimates. We used BLS Table 18 to obtain separate employment data for these two sectors, and found occupational shares from Data
USA7 . An initial labor participation rate of 75% was based on a calculated total employment value and observed output. Base consumption rates are proportional to the total wage
bill and observed consumption rates. Marginal consumption rates are a fraction of the base
consumption rates, with different multipliers for each sector.
The system of equations for cost share-induced technological change features an equilibrium, as discussed earlier. Labor productivity growth rates at equilibrium were set to
5%/year in the manufacturing sector, 2%/year in the services sectors and 3%/year in all
other sectors. Sectoral gross investment and depreciation rates were computed using BEA
data for capital stocks (represented by private fixed assets) and flows8 . We computed initial
capital stocks using a specified rate of return of 10% for all sectors, an altered demand
vector aligned with the closed-economy assumption, reference employment and utilization
rates (set at 95% and 85%, respectively), and the calculated initial labor participation rate.
Target profit rates for each sector were estimated from the depreciation rate and assumed
rate of return.
These procedures fix some parameters, but leave several others free. The free parameters
were adjusted to give persistent cycles.

4

Results

We ran the model for 75 years assuming constant populations. Capacity utilization for the
construction, manufacturing, and education and health care sectors are shown in Fig. 2.
The trajectories for construction and manufacturing are distinctly asymmetric, reflecting
the underlying nonlinear dynamics. In some cycles, capacity utilization in the construction
sector exceeds the sustainable level at the peak. As discussed earlier, we allow for unsustainably high utilization over brief periods. In the model, high manufacturing utilization
4 https://www.bea.gov/industry/io_annual.htm,

accessed April 6, 2018.
Population Prospects: The 2017 Revision, custom data acquired from https://esa.un.org/
unpd/WPP/DataQuery/.
6 2015 Annual Averages - Household Data - Tables from Employment and Earnings. https://www.bls.
gov/cps/tables.htm. Accessed July 25, 2018.
7 Transportation & Warehousing and Utilities: https://datausa.io/profile/naics/48-49,%2022/. Accessed July 25, 2018.
8 National Data: List of Fixed Assets Accounts tables. https://www.bea.gov/. Accessed July 20, 2018.
5 World
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drives investment in the manufacturing sector, so there is a backlog of investment projects
that continues to drive construction activity upward even as manufacturing enters a slump.
Cycles in education and health care lag both manufacturing and construction; they are
also much smoother. As described above, they are a quasi-autonomous source of demand
and execute smooth cycles like those identified by Lavoie (2016). Thus, in this KaleckianHarrodian model, cycles bounded by a Hicksian ceiling and floor coexist with regular cycles
driven by quasi-autonomous demand.
Following Blatt (1978, 1980), we expect that, due to nonlinearities, estimates of parameters for the investment function from standard econometric tests will be substantially
different than the ones actually used in the model. That is the case. We carried out a variable autoregression (VAR) on the investment rate in the manufacturing sector and found a
coefficient on utilization of 0.08, on the rate of return of 0.19, and on the interest rate of
0.11. In constrast, the model values were, respectively, 2.00, 0.50, and 0.25. This illustrates
Blatt’s argument that the results of econometric tests of the business cycle, as summarized
by Hymans (1972), are likely to be in error if the underlying dynamics are nonlinear.
Figure 2: Utilization for the construction, manufacturing, and education and health care
sectors over 65 years at constant population
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Next, we discuss the results with reference to a set of “stylized facts” provide by Taylor
et al. (2018). Their list, which expands on that of Kaldor (1957), includes
1. Labor productivity grows at a steady exponential rate;
2. The ratio of capital to the population grows at steady rate;
3. The profit share is stable;
4. The profit rate is stable;
5. The ratio of output to capital is stable;
6. The real wage grows at the same rate of labor productivity;
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7. The employment ratio is stable in the long run;
8. There is a higher aggregate rate of saving out of profits than wages;
9. In the utilization-profit share plane for rich economies, there is an observed clockwise
business cycle.
Some of these stylized facts are built into the model. We assume all profits are saved,
while saving out of wages arises as a residual (stylized fact 8), and the Goodwin-type wage
model ensures that the real wage tends to grow at the same rate as labor productivity (stylized fact 6). Others are redundant: for example, if the profit rate and capital productivity
are stable (stylized facts 4 and 5), then the profit share must also be stable (stylized fact 3).
We assume that firms target a steady profit rate, so the independent factor in our model is
capital productivity, captured by stylized fact 5. Finally, if the output-capital ratio is steady
(stylized fact 5), then the ratio of capital to the population depends on the steadiness of the
GDP per capita growth rate. We therefore check stylized facts 1, 5, 7, and 9.
Employment and labor participation are shown in Fig. 3. The employment rate remains
near 100%, with a mean of 95% and a minimum of 89%. It is maintained at a high level
due to members of the working-age population entering and exiting the labor force. The
participation rate varies over a long cycle, but shows no long-run trend, consistent with
stylized fact 7. The participation rate has a minimum of 74% near year 60 and a maximum
of 92% near year 25. This is a half-cycle of 35 years, so the full period of 70 years in this
run of the model is longer than the typical period of Kondratieff (1979) long waves, which
are estimated to have periods between 35 and 60 years (Metz, 1992).
Figure 3: Employment and labor participation rates
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Both short and long run variation in prices, profits and wages drive changes in labor
and capital productivity growth. Manufacturing productivity growth rates are shown in
Fig. 4. Both labor and capital productivity growth fluctuate, but do not show a long-run
trend. Labor productivity growth thus exhibits more or less steady exponential growth,
consistent with stylized fact 1 as a long-run tendency. Capital productivity growth rates
hover near zero, so the model exhibits a tendency towards Harrod-neutral technological
15

change, consistent with stylized fact 5. As shown by Kemp-Benedict (2019), this is a
characteristic result when cost share-induced technological change is combined with targetreturn pricing. Labor and capital productivity growth tend to move in opposite directions
due to the cost share-induced technological change mechanism. Additionally, rising and
then falling autonomous investment drives labor productivity growth through the KaldorVerdoorn mechanism.
Figure 4: Manufacturing labor and capital productivity growth
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Stylized fact 9, the existence of a clockwise cycle in the (u, π) plane, was demonstrated by
Nikiforos and Foley (2012). They extracted a utilization cycle from time series of log GDP
and of profits from time series of the profit share of GDP. In both cases they used a HodrickPrescott (1997) filter, with λ = 1, 600 for utilization (the standard value for quarterly data)
and λ = 1, 000, 000 for profits, on the assumption that the functional income distribution
varies comparatively slowly. We repeated their analysis with the model outputs, treating
them as experimental data. The results, shown in Fig. 5, demonstrate that the model
dynamics do indeed produce clockwise cycles in the (u, π) plane when measured in this
way.9
Finally, we consider a key finding from neo-Kaleckian models, that a closed economy
with a high propensity to save out of profits exhibits the paradox of thrift. Raising profits
(and therefore saving) slows rather than accelerates the economy. The model presented in
this paper exhibits a variety of the paradox of thrift and wage-led growth, although not
in the same way as the standard neo-Kaleckian model. We present two mechanisms that
exhibit this behavior.
In the model, firms target a profit rate rather than a markup. The distribution between wages and profits is dictated by technological potential through cost share-induced
technological change. A rise in the profit rate initially drives the profit share up, which stimulates faster capital productivity growth and, as discussed in the Appendix, slower labor
productivity growth. Slow wage growth means a slower growth in consumption expenditure,
9 That is not the case when using average utilization and profit share as calculated in the model without
smoothing. This may not be a contradiction, as Cauvel (2018) showed that the shape of the cycle is not
robust against changes in variables.
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Figure 5: Clockwise cycles in the (u, π) plane

103.2 103.5

103.8

103

3

104
104.2

102.8

104.5

102.5
102.2

2

104.8

102
105

1

101.8
105.2

101.5

π

101.2

0

105.5
101

−1

100.8
105.8
100.5
106

−2

100.2
100

106.2

106.5
106.8
107
107.2
107.5
108.8
107.8
108.5108.2108

−3

109

−0.04

−0.02

0.00

0.02

0.04

u

which leads to lower investment and slower GDP growth. Thus, although the functional
income distribution remains the same, a rising target profit rate favors capital-saving over
labor-saving investment, which slows economic growth.
The combined system of price- and wage-setting with cost share-induced technological
change features an equilibrium at which capital productivity growth is zero. The equilibrium
occurs at a particular functional income distribution determined by setting κ̂ = 0 in Eq.
(31). The equilibrium can be shifted by changing parameter b or d in that equation. In
model runs, we implemented a rise in the equilibrium profit share by raising the value
of parameter b10 . As b increases, labor productivity growth briefly rises, while capital
productivity growth slows. However, that pattern soon reverses as a falling wage share
leads to lower consumption and slower growth – the standard Keynesian mechanism.
Finally, we show that the model presented in this paper, like that of Setterfield (2019),
can produce deviations from normal business cycles, although these are uncommon. An
example is shown in Fig. 6, which compares the baseline scenario to one where the “bias”
term in Eqn. (19) for autonomous investment is slightly lower. Note the very long time
span in the figure. The dominant cycles are “long waves” of the Kondratieff (1979) variety,
with business cycles causing small deviations. Labor force participation in the two scenarios
10 This raises the equilibrium profit share because the profit share is less than the wage share. Setting
ω = 1 − π in Eq. (31) and imposing the equilibrium conditions that the capital productivity growth rate
−1
is zero gives π = 1 + ed/b
. This is an increasing function of b that can take values between zero and
one-half.
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track each other fairly closely until around year 250, where a downturn in the business cycle
coincides with a downturn in the Kondratieff cycle, and the “low B” trajectory falls sharply.
Figure 6: Falling labor force participation during a depression when the bias B is not
sufficiently high
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5

Discussion

The model presented in this paper (and, in an earlier form, in Kemp-Benedict, 2017b;
Kemp-Benedict and Ghosh, 2018) is a complex Kaleckian-Harrodian model. It is in active
development, but is already producing results. In this paper we focus on what the model
and its theoretical development can contribute to debates between advocates for Kaleckian
and Harrodian approaches to modeling economic growth.
In broad terms, the question we asked when developing the model was: What assumptions are necessary to produce self-sustaining growth and business cycles in a multi-sectoral
economy in which economic actors have only local information? Compared to most postKeynesian models, and prompted in part by Steedman’s (1992) critique, we raise the stakes
by including multiple sectors and intermediate expenditure. To some degree, the economy
reflected in the model is a “going concern” as argued by Means (1964). While we do not
track assets, our category of “committed consumption” captures the reality that consumers
take on long-term commitments by buying houses and cars, entering school, having children,
paying into pensions, and so on. Firms take on long-term commitments through investment
in long-lived capital stocks. The bulk of economic exchange is quite regular, but fluctuates
at the margin. Firms watch for signals – excessively high or low utilization or profits – and
respond to borrowing costs. Households adjust their expenditure as they are hired and laid
off.
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Prices are comparatively predictable, but firms gradually adjust their prices in response
to costs. They adjust more or less slowly depending on overall conditions in their sector,
as measured by capacity utilization, raising prices modestly when there is excess capacity
and more aggressively at high utilization. Wage changes are also comparatively predictable,
rising more or less in line with labor productivity growth combined with a cost of living
adjustment, but slower in downturns and higher in peaks.
A necessary ingredient appears to be recurrent optimism despite periodic downturns.
This is reflected in part through a sufficiently strong accelerator to drive the Harrodian instability, thus violating the Keynesian stability condition. The upward pressure periodically
drives demand for labor, and therefore wages, upward as well, which is subsequently reflected
in inflation. Optimism is also captured in the upward bias B in adaptive expectations for
autonomous investment demand.
Despite the Harrodian instability, the model has some distinctly Kaleckian features.
Most notable is that the model is closed by adjusting utilization rather than prices. As
discussed earlier, prices are mostly cost-based, and change through the cost of inputs. We
capture this explicitly in the case of wage costs in all sectors. We capture it implicitly in
the case of land and raw materials by making prices sensitive to utilization in the sectors
that depend most directly on those inputs: agriculture, mining, utilities, and construction.
Nevertheless, while we do not assume a Kaldorian closure, firms can approach their target
utilization and we recover some of Kaldor’s stylized facts, in particular steady cost shares
and capital productivity.
The model exhibits characteristically Kaleckian behavior, in that raising the profit rate
or the profit share results in slower economic growth. Under target-return pricing and cost
share-induced technological change, a rising profit rate leads labor productivity growth to
slow, thereby reducing wages and consumption. When a higher profit share results from a
change in technological potential, the change initially drives labor productivity upward, but
the subsequent decline in wages and wage-dependent consumption slows demand growth.
The Sraffian super-multiplier makes an appearance in the form of quasi-autonomous
non-capacity generating expenditure. First, consumption of all types of goods has a “committed” component that grows with the wage but does not fluctuate over the business cycle.
Second, demand for education and health services rises proportional to GDP. These sources
of demand are not fully autonomous, as indeed they cannot be. The model thus provides
an illustration of how endogenous but comparatively stable demand can operate through
a Sraffian super-multiplier mechanism to partially stabilize the economy, even as the Harrodian instability, bounded by a Hicksian ceiling and floor, remains a necessary driver of
economic growth.

6

Conclusion

We have documented features of a multi-sector Kaleckian-Harrodian model with induced
technological change. We related specific decisions in the model’s development to ongoing
debates over Kaleckian and Harrodian approaches to growth modeling, and showed that
the model resolves Harrod’s instability in the long run by endogenously bringing the actual,
warranted, and natural growth rates into alignment. As with other Kaleckian-Harrodian
models, we do not assume the Keynesian stability condition. The Harrodian instability is
contained by a Hicksian ceiling and floor. The nonlinearity allows for asymmetric business
cycles, as are actually observed. When wage and price-setting behavior are combined with
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induced technological change, the model gives rise to long-period waves. It features a variety
of wage-led growth and can give rise to depressions.
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A

A generalized classical-evolutionary model of cost
share-induced technological change

While firms in most industries cannot observe a demand curve for their output, they are
not indifferent to the costs of their inputs. When the cost of one input rises, firms can be
expected to favor technological innovation that saves on that input. Cost-induced technological change was a theme of the classical economists (Kurz, 2010) and it was reinvigorated by
Hicks (1932). Subsequent developments led to the concept of a “technical progress function”
(Kaldor, 1961; Kennedy, 1964). Samuelson (1965) recast the technical progress function in
terms of a production function, but ultimately this development ran into conceptual difficulties (e.g., see Nordhaus, 1973) and was eventually abandoned. More recently, endogenous
growth theories enabled Acemoglu (2002) to revisit the concept of induced technological
change from a neoclassical perspective, resulting in his theory of “directed technological
change”, while neo-Marxian theorists have provided a range of potential models Dutt (2013).
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Among the neo-Marxian theories is an evolutionary theory due to Duménil and Lévy
(1995, 2010). They discarded the neoclassical assumption that firms maximize profits with
knowledge of an external technological frontier in favor of an evolutionary (Nelson and
Winter, 1982) assumption that firms continually perform a random search for profitable
innovations in the vicinity of their current technology. Firms are assumed to make the
search under conditions of fixed prices and wages, in the expectation of short-run excess
profits. Thus, the Okishio (1961) viability criterion applies at the point at which they
decide whether to innovate: any innovation must increase the firm’s profit rate at fixed
wages and prices. Subsequently, in a Marxian catch-22, those excess profits are lost as
wages rise and profits fall through demands from labor to share the gains from productivity
growth and from competitors driving prices downward. The process then begins again.
The evolutionary theory of Duménil and Lévy (1995, 2010) was shown by Kemp-Benedict
(2019) to constrain the possible functional relationship between cost shares and productivity
change. The proof is not intuitive, so we attempt to motivate it in this paper by reference
to Fig. 7. Graph (a) in the figure shows coordinate axes for rates of productivity growth
for labor (λ̂) and capital (κ̂), where the “hat” indicates a growth rate. The productivity
growth rates form a vector ν̂ = (κ̂, λ̂), while the profit share (π) and wage share (ω) form a
vector of cost shares σ = (π, ω). The probability of discovering a potential innovation that
would raise productivity by ν̂, denoted p(ν̂), is indicated by shading in the figure.
The Okishio viability criterion can be shown to imply that viable innovations must satisfy
σ · ν̂ > 0 (Kemp-Benedict, 2019, p. 7). Graph (b) shows the region where the criterion is
satisfied. The border of the region is the dotted line shown in Graph (a), which satisfies the
condition σ· ν̂ = 0. As firms randomly discover innovations and implement those that satisfy
the Okishio viability criterion, an average tendency will emerge as the expected value hν̂i
of the productivity growth rate over the viable region where the expectation is determined
by the probability of discovery p(ν̂).
While the Okishio viability criterion can be stated in a compact form, the expected value
of the productivity growth rate depends on the probability function p(ν̂). Unless this is
known – and it generally will not be – it is not possible to calculate the average productivity
growth rate from first principles. However, as shown by Kemp-Benedict (2019), it is possible
to constrain the functional relationship between average productivity growth and cost shares
without knowing the probability distribution. Suppose that the cost shares change by a small
amount ∆σ. The Okishio viability line with then rotate, as shown in Graph (c). While the
probability distribution of discovery does not change, the location of the Okishio viability
region shifts, leading to a change in the expected value of the productivity growth rate.
This is a key step in the derivation, as we now explain.
The difference in the average productivity growth rate can be calculated by averaging
over the small gray triangles in Graph (c). Because it is a difference, no other part of
the productivity growth space enters into the calculation. Moreover, because the triangles
are small (in the continuous limit, infinitesimal), we can make some approximations that
simplify the calculations. The two triangles enter with opposite signs: triangle A is no longer
in the Okishio viability region as a consequence of the rotation of the Okishio viability line,
so it enters with a negative sign; triangle B has entered the Okishio viability region, and
enters with a positive sign.
The width of the triangle grows as ν̂ gets farther from the origin. In fact, as indicated
by the text in Fig. 7, it is proportional to ν̂ · ∆σ, so when calculated as the expectation
of ν̂ over Triangles A and B, the terms are of the form ν̂p(ν̂)ν̂ · ∆σ. This means that
the change in the expected value of ν̂i with respect to a change in σj includes terms like
27

Figure 7: The innovation probability distribution (indicated through a shaded density plot),
the Okishio viability region, and the change in average productivity growth
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ν̂i p(ν̂)ν̂j . Since the order of the terms being multiplied does not matter, this is equal to
ν̂j p(ν̂)ν̂i Each term is therefore symmetric in i and j. Moreover, the triangles in Graph
(c) represent small deviations in the neighborhood of the Okishio viability line, on which
σ · ν̂ = 0. To first order, we can therefore impose the approximate condition σ · ν̂ ' 0,
so that summing the product of σi or σj with each term gives (close to) zero as the result.
Finally, multiplying on the left and right by an arbitrary vector x gives a set of terms like
p(ν̂)(x · ν̂)2 , which is positive. Taken together, these properties give the following
Result. The matrix of partial derivatives (the Jacobian) expressing the change in the expected value of productivity with respect to a cost share is positive semi-definite, with a null
vector equal to σ.
To recapitulate: We assume that firms continually carry out a directed but essentially
random search for marginal productivity gains in the vicinity of their current technology.
The expected value of the vector of productivity growth rates is taken with respect to
28

an unknown probability of discovering an innovation that yields a particular combination
of productivity growth rates over a known viability region given by the Okishio viability
criterion. While the probability distribution is not known, the change in the expected value
of productivity growth for input i with respect to a change in cost share j has certain
properties that are independent of the probability distribution. Specifically, the matrix of
partial derivatives of productivity growth with respect to cost share (the Jacobian matrix)
is symmetric and positive definite. It also has a null vector given by the cost shares11 .
Before continuing, we acknowledge that the cost shares must sum to one. That is, for n
inputs,
n
X
σi = 1.
(25)
i=1

This condition must be applied at some point when applying this model. Indeed, they could
have been applied earlier, when deriving the result about the Jacobian matrix. However,
it is best not to do that, because it hides the underlying symmetry and positive semidefiniteness of the matrix. The model is easier to manipulate if the cost shares are first
treated as independent and then the constraint that they sum to one is introduced at the
end. We illustrate the point with an example in which there are two inputs to production.
With two inputs to production, capital and labor, the conditions derived in KempBenedict (2019) and sketched above are quite constraining. Positive-definiteness implies
∂hκ̂i ∂hλ̂i
,
> 0,
π
ω

(26)

while symmetry implies
∂hλ̂i
∂hκ̂i
=
.
ω
π
Applying the null vector condition from the right then implies
∂hκ̂i
∂hκ̂i
+ω
= 0,
π
ω
∂hλ̂i
∂hλ̂i
π
+ω
= 0.
π
ω
π

(27)

(28)
(29)

Combining these conditions with the symmetry condition shows that there is only one
independent partial derivative. The null vector conditions also imply that the productivity
growth rates are homogeneous of order zero in the cost shares.
We use the flexibility that remains in the system of equations by proposing a formula
for the cost share-induced component of labor productivity growth that is homogeneous of
order zero in cost shares,
π
λ̂ = c − b .
(30)
ω
Then from the conditions above we find that capital productivity growth must be of the
form
π
κ̂ = d + b ln .
(31)
ω
These are the expressions used in the model for cost share-induced technical change. They
follow from taking the expectation of productivity growth with respect to a probability of
11 We

note that the neo-Marxian models explored by Dutt (2013) do not satisfy these criteria.
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discovery over a region defined by the Okishio (1961) viability criterion. While we do not
know the probability distribution of discovery, the model places strong constraints on the
functional relationship between productivity growth rates and cost shares. We proposed a
specific functional form for labor productivity growth consistent with those constraints and
then derived the functional form for capital productivity growth by applying the constraints.
Post-Keynesian models often assume that labor productivity is driven by growth rather
than costs, as captured by the Kaldor-Verdoorn law (Kaldor, 1966; Verdoorn, 1949, 2002).
Kemp-Benedict (2019) showed that the evolutionary theory of Duménil and Lévy (1995,
2010) is compatible with the Kaldorn-Verdoorn law. In the model, we add to Eqn. (30) a
term proportional to the autonomous investment rate. Thus, labor productivity growth in
the model depends on investment rates and cost shares, while capital productivity growth
depends on cost shares through Eq. (31).
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